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Geometric Crystals on Flag Varieties and Unipotent Subgroups of
Classical Groups
Mana Igarashi and Toshiki Nakashima
Abstract. For a classical simple algebraic group G we obtain the affirmative answer for the
conjecture in [8] that there exists an isomorphism between the geometric crystal on the flag
variety and the one on the unipotent subgroup U−.
1. Introduction
The theory of geometric crystal for semi-simple case has been introduced in [1] as an
geometric analogue of Kashiwara’s crystal theory. In [7] it has been extended to Kac-Moody
setting and the geometric crystals on Schubert variety Xw has been introduced therein, where
w is a Weyl group element. In [8] we constructed geometric crystals on the unipotent radical
U− ⊂ B− of a semi-simple algebraic group G, where B− is an opposite Borel subgroup and
showed that in the case G = SLn(C) it is isomorphic to the geometric crystal on the flag
variety X = Xw0 where w0 is the longest element in the corresponding Weyl group. In [8] we
conjectured that for any semi-simple case there exists such isomorphism and in this article we
obtained the isomorphism between U− and the flag variety for classical simple algebraic groups.
Here we explain more details. Let B± ⊂ G be the Borel subgroups and U± their unipotent
radicals. As mentioned above, in [7] we constructed geometric crystals on Schubert varieties,
whose dimension is finite. Nevertheless, we can not apply the method in [7] to the full flag
variety since it is infinite dimensional for general Kac-Moody cases. Thus, we considered alter-
native way to obtain geometric crystal structure on the opposite unipotent radical U− ⊂ B−
which is birationally isomorphic to the full flag variety X = G/B.
A variety V is called a unipotent crystal if it has a rational U -action and there exists a
rational map from V to the opposite Borel subgroup B− commuting with the U -action, where
B− is equipped with the canonical rational U -action by:
U ×B−
m
→֒ G
∼
−→B− × U
proj
−→B−.
One of the most crucial properties of unipotent crystals is that certain geometric crystal is
induced from a unipotent crystal canonically (see 2.3).
We introduce a criterion for the existence of unipotent crystal on U− in [8, Lemma 3.2 ] (see
also Lemma 4.2 below.), which is applicable to general Kac-Moody cases though it is applied
to only simple cases in this article. Let us explain the criterion more precisely. To obtain the
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unipotent crystal structure on U−, it is required to get certain rational map T : U− → T with
the properties: for x ∈ U and u ∈ U−
T (π−−(xu)) = π0(xu)T (u).
Then defining a morphism F : U− → B− by F(u) := uT (u), F becomes a U -morphism and
we obtain the unipotent crystal structure on U−. To realize the above T in this article we
construct rational functions {F
(n)
i }i=1,··· ,n on U
−, each of which is defined as a matrix element
in the fundamental representation L(Λi) and possesses some special properties, where Λi is the
i-th fundamental weight of g = Lie(G). Using this rational functions F
(n)
i , we define T (u) =∏
i α
∨
i (F
(n)
i (u)
−1), which satisfies the criterion (see Sect.4.) and then we have a unipotent
crystal and the induced geometric crystal on U−.
The crucial task in this paper is writing down the explicit forms of the function F
(n)
i
(i = 1, · · · , n). Then, using them we can check that there exists an isomorphism between
geometric crystal on the flag variety X and the one on U− for the types An, Bn, Cn and Dn.
Since in [8] we have made several typographical errors in the proof of Lemma 3.2 and
modified the definition of the function F
(n)
i , we shall give the proof of Lemma 4.2 in this article
and introduce the bilinear form on irreducible highest weight g module in order to redefine
F
(n)
i .
In the last section, we give a conjecture that for all semi-simple cases there would exist an
isomorphism of geometric crystals between a Schubert variety Xw and U
−
ι which is a dense
subset in U− associated with a reduced word ι of w. Indeed, the result in this paper would be
a part of this conjecture for the case w = w0 the longest element.
Though our method constructing unipotent crystal structure on U− is valid for arbitrary
Kac-Moody setting, in this article we only treated simple cases. Our further aim is to apply
this to affine Kac-Moody cases, more details, to find certain good functions like F
(n)
i ’s for
affine cases, which would be expected to be interesting and important from the view point of
representation theory of affine Kac-Moody algebras.
2. Geometric Crystals and Unipotent Crystals
The notations and definitions here follow [2, 3, 5, 4, 7, 8].
2.1. Geometric Crystals. Fix a symmetrizable generalized Cartan matrixA = (aij)i,j∈I ,
where I is a finite index set. Let (t, {αi}i∈I , {hi}i∈I) be the associated root data, where t is
the vector space over C with dimension |I|+ corank(A), and {αi}i∈I ⊂ t
∗ and {hi}i∈I ⊂ t are
linearly independent indexed sets satisfying αj(hi) = aij .
The Kac-Moody Lie algebra g = g(A) associated with A is the Lie algebra over C generated
by t, the Chevalley generators ei and fi (i ∈ I) with the usual defining relations ([5],[6]). Note
that if A is a Cartan matrix, the corresponding Lie algebra g is a semi-simple complex Lie
algebra. There is the root space decomposition g =
⊕
α∈t∗ gα. Denote the set of roots by
∆ := {α ∈ t∗|α 6= 0, gα 6= (0)}. Set Q =
∑
i Zαi, Q+ =
∑
i Z≥0αi and ∆+ := ∆ ∩ Q+.
An element of ∆+ is called a positive root. Define simple reflections si ∈ Aut(t) (i ∈ I) by
si(h) := h− αi(h)hi, which generate the Weyl group W . We also define the action of W on t
∗
by si(λ) := λ− λ(hi)αi. Set ∆re := {w(αi)|w ∈W, i ∈ I}.
Let g′ be the derived Lie algebra of g and G the Kac-Moody group associated with g′([6]).
Let Uα := exp gα (α ∈ ∆
re) be an one-parameter subgroup of G. The group G is generated
by Uα (α ∈ ∆re). Let U± be the subgroups generated by U±α (α ∈ ∆re+ = ∆
re ∩ Q+), i.e.,
U± := 〈U±α|α ∈ ∆re+〉.
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For any i ∈ I, there exists a unique homomorphism; φi : SL2(C)→ G such that
φi
((
1 t
0 1
))
= exp tei, φi
((
1 0
t 1
))
= exp tfi (t ∈ C).
Set xi(t) := exp tei, yi(t) := exp tfi, Ti := φi({diag(t, t−1)|t ∈ C}) and Ni := NGi(Ti). Let T
(resp. N) be the subgroup of G generated by Ti (resp. Ni), which is called a maximal torus in G
and B± = U±T be the Borel subgroup of G. We have the isomorphism φ :W
∼
−→N/T defined
by φ(si) = NiT/T . An element si := xi(−1)yi(1)xi(−1) is in NG(T ), which is a representative
of si ∈ W = NG(T )/T .
Definition 2.1. Let X be an ind-variety over C, γi and εi (i ∈ I) rational functions on X , and
ei : C
× ×X → X a rational C×-action. A quadruple (X, {ei}i∈I , {γi, }i∈I , {εi}i∈I) is a G (or
g)-geometric crystal if
(i) ({1} × X) ∩ dom(ei) is open dense in {1} × X for any i ∈ I, where dom(ei) is the
domain of definition of ei : C
× ×X → X .
(ii) The rational functions {γi}i∈I satisfy γj(eci (x)) = c
aijγj(x) for any i, j ∈ I.
(iii) ei and ej satisfy the following relations:
ec1i e
c2
j = e
c2
j e
c1
i if aij = aji = 0,
ec1i e
c1c2
j e
c2
i = e
c2
j e
c1c2
i e
c1
j if aij = aji = −1,
ec1i e
c21c2
j e
c1c2
i e
c2
j = e
c2
j e
c1c2
i e
c21c2
j e
c1
i if aij = −2, aji = −1,
ec1i e
c31c2
j e
c21c2
i e
c31c
2
2
j e
c1c2
i e
c2
j = e
c2
j e
c1c2
i e
c31c
2
2
j e
c21c2
i e
c31c2
j e
c1
i if aij = −3, aji = −1,
(iv) The rational functions {εi}i∈I satisfy εi(eci (x)) = c
−1εi(x) and εi(e
c
j(x)) = εi(x) if
ai,j = aj,i = 0.
The relations in (iii) is called Verma relations. If χ = (X, {ei}, {γi}, {εi}) satisfies the
conditions (i), (ii) and (iv), we call χ a pre-geometric crystal.
Remark. The last condition (iv) is slightly modified from [3, 7, 8, 9, 10] since all εi appearing
in these references satisfy the new condition and this condition is required to define ”epsilon
systems” ([11]).
2.2. Unipotent Crystals. In the sequel, we denote the unipotent subgroup U+ by U .
We define unipotent crystals (see [1],[7]) associated to Kac-Moody groups.
Definition 2.2. Let X be an ind-variety over C and α : U × X → X a rational U -action
such that α is defined on {e} × X . Then, the pair X = (X,α) is called a U -variety. For
U -varieties X = (X,αX) and Y = (Y, αY ), a rational map f : X → Y is called a U -morphism
if it commutes with the action of U .
Now, we define a U -variety structure on B− = U−T . As in [4], the Borel subgroup B− is
an ind-subgroup of G and hence an ind-variety over C. The multiplication map in G induces the
open embedding; B−×U →֒ G, which is a birational map. Let us denote the inverse birational
map by g : G −→ B− × U . Then we define the rational maps π− : G→ B− and π : G→ U by
π− := projB− ◦ g and π := projU ◦ g. Now we define the rational U -action αB− on B
− by
αB− := π
− ◦m : U ×B− −→ B−,
where m is the multiplication map in G. Then we get U -variety B− = (B−, αB−).
Definition 2.3. (i) Let X = (X,α) be a U -variety and f : X → B− a U -morphism.
The pair (X, f) is called a unipotent G-crystal or, for short, unipotent crystal.
(ii) Let (X, fX) and (Y, fY ) be unipotent crystals. A U -morphism g : X→ Y is called a
morphism of unipotent crystals if fX = fY ◦ g. In particular, if g is a birational map
of ind-varieties, it is called an isomorphism of unipotent crystals.
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We define a product of unipotent crystals following [1]. For unipotent crystals (X, fX),
(Y, fY ), define a morphism αX×Y : U ×X × Y → X × Y by
(2.1) αX×Y (u, x, y) := (αX(u, x), αY (π(u · fX(x)), y)).
Theorem 2.4 ([1]).
(i) The morphism αX×Y defined above is a rational U -action on X × Y .
(ii) Let m : B− × B− → B− be a multiplication map and f = fX×Y : X × Y → B− be
the rational map defined by
fX×Y :=m ◦ (fX × fY ).
Then fX×Y is a U -morphism and (X×Y, fX×Y ) is a unipotent crystal, which we
call a product of unipotent crystals (X, fX) and (Y, fY ).
(iii) Product of unipotent crystals is associative.
2.3. From Unipotent Crystals to Geometric Crystals. For i ∈ I, set U±i := U
± ∩
s¯iU
∓s¯−1i and U
i
± := U
± ∩ s¯iU±s¯
−1
i . Indeed, U
±
i = U±αi . Set
Y±αi := 〈x±αi(t)Uαx±αi(−t)|t ∈ C, α ∈ ∆
re
± \ {±αi}〉.
We have the unique decomposition; U− = U−i ·Y±αi = U−αi ·U
i
−. By using this decomposition,
we get the canonical projection ξi : U
− → U−αi and define the function χi on U
− by
(2.2) χi := y
−1
i ◦ ξi : U
− −→ U−αi
∼
−→C,
and extend this to the function on B− by χi(u · t) := χi(u) for u ∈ U− and t ∈ T . For a
unipotent G-crystal (X, fX), we define a function εi := ε
X
i : X → C by
εi := χi ◦ fX,
and a rational function γi : X → C by
(2.3) γi := αi ◦ projT ◦ fX : X → B
− → T → C,
where projT is the canonical projection.
Remark. Note that the function εi is denoted by ϕi in [1, 7].
Suppose that the function εi is not identically zero on X . We define a morphism ei :
C× ×X → X by
(2.4) eci(x) := xi
(
c− 1
εi(x)
)
(x).
Theorem 2.5 ([1],[8]). For a unipotent G-crystal (X, fX), suppose that the function εi is not
identically zero for any i ∈ I. Then the rational functions γi, εi : X → C and ei : C××X→ X
as above define a geometric G-crystal (X, {ei}i∈I , {γi}i∈I , {εi}i∈I), which is called the induced
geometric G-crystals by unipotent G-crystal (X, fX).
Proposition 2.6 ([1],[8]). For unipotent G-crystals (X, fX) and (Y, fY ), set the product (Z, fZ) :=
(X, fX)×(Y, fY ), where Z = X×Y . Let (Z, {eZi }i∈I , {γ
Z
i }i∈I , {ε
Z
i }i∈I) be the induced geometric
G-crystal from (Z, fZ). Then we obtain:
(i) For each i ∈ I, (x, y) ∈ Z,
(2.5) γZi (x, y) = γ
X
i (x)γ
Y
i (y), ε
Z
i (x, y) = ε
X
i (x) +
εYi (y)
γXi (x)
.
(ii) For any i ∈ I, the action eZi : C
× × Z → Z is given by:
(eZi )
c(x, y) = ((eXi )
c1(x), (eYi )
c2(y)), where
(2.6) c1 =
cγXi (x)ε
X
i (x) + ε
Y
i (y)
γXi (x)ε
X
i (x) + ε
Y
i (y)
, c2 =
c(γXi (x)ε
X
i (x) + ε
Y
i (y))
cγXi (x)ε
X
i (x) + ε
Y
i (y)
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Here note that c1c2 = c. The formula c1 and c2 in [1] seem to be different from ours.
3. Geometric crystals on Flag variety and Schubert variety
Let X := G/B be the flag variety, which has the cell decomposition X = ⊔w∈WXw. Each
cell Xw is called a Schubert cell associated with a Weyl group element w ∈ W . Its closure Xw
in X is called a Schubert variety which satisfies the closure relation Xw = ⊔y≤wXy. As we have
seen in [7], we can associate geometric crystal structure with the Schubert cell (resp. variety)
Xw (resp. Xw).
The geometric crystal on Xw is realized in B
− as follows:
Let ι := i1 · · · ik be one of the reduced expressions of w ∈W . Suppose that an element w ∈W
satisfies that I = I(w) := {i1, · · · , ik}. Define
B−ι := {Yι(c1, · · · , ck) := Yi1(c1) · · ·Yik (ck) ∈ B
−|ci ∈ C
×}.
where Yi(c) = yi(
1
c
)α∨i (c). The Schubert cell Xw (resp. The Schubert variety Xw) and B
−
ι are
birationally equivalent and they are isomorphic as induced geometric crystals.
Indeed, we describe the explicit feature of geometric crystal structure on B−ι :
γi (Yι(c1, · · · , ck)) = αi(α
∨
i1
(c1) · · ·α
∨
ik
(ck)) = c
ai1,i
1 · · · c
aik,i
k ,(3.1)
εi(Yι(c1, · · · , ck)) =
∑
1≤j≤k,ij=i
1
c
ai1,i
1 · · · c
aij−1,i
j−1 cj
,(3.2)
eci(Yι(c1, · · · , ck)) =: Yι(C1, · · · , Ck),
where
(3.3) Cj := cj ·
∑
1≤m≤j,im=i
c
c
ai1,i
1 · · · c
aim−1,i
m−1 cm
+
∑
j<m≤k,im=i
1
c
ai1,i
1 · · · c
aim−1,i
m−1 cm∑
1≤m<j,im=i
c
c
ai1,i
1 · · · c
aim−1,i
m−1 cm
+
∑
j≤m≤k,im=i
1
c
ai1,i
1 · · · c
aim−1,i
m−1 cm
.
In the case g is semi-simple, we know that the flag varietyX = G/B coincides with the Schubert
variety Xw0 for the longest element w0 in the Weyl group. Thus, we have
Corollary 3.1. For a semi-simple g, we have the geometric crystal structure on the flag variety
X := G/B.
4. Geometric Crystals on U−
In this section, we associate a geometric/unipotent crystal structure with unipotent sub-
group U− of semi-simple algebraic group G. In particular, for G = SLn+1(C) we describe it
explicitly. The contents of this section is almost same as in [8]. But we shall see the whole
setting again since we modified some definitions and made typographical errors in the proofs
of certain statements.
4.1. U-variety structure on U−. In this subsection, suppose that G is a Kac-Moody
group as in Sect.2. As mentioned in Sect.2, Borel subgroup B− has a U -variety structure. By
the similar manner, we define U -variety structure on U−. As in 2.2, the multiplication map m
in G induces an open embedding; m : U−×B →֒ G, then this is a birational isomorphism. Let
us denote the inverse birational isomorphism by h;
h : G −→ U− ×B.
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Then we define the rational maps π−− : G→ U− and π+ : G→ B by π−− := projU− ◦ h and
π+ := projB ◦ h. Now we define the rational U -action αU− on U
− by
αU− := π
−− ◦m : U × U− −→ U−,
Then we obtain
Lemma 4.1. A pair U− = (U−, αU−) is a U -variety on a unipotent radical U
− ⊂ B−.
4.2. Bilinear form. In this subsection, following [2, 9.4] we introduce the invariant bilin-
ear form of finite dimensional modules. What we have introduced in [8] is subtly inexact. So,
let us reimburse it here.
Let λ ∈ P+ be a dominant integral weight and L(λ) be the associated irreducible highest
weight g-module with the fixed highest weight vector uλ. For v ∈ L(λ), define its expectation
value E(v) by
v = E(v)uλ + lower weight vectors.
Let U(g) be the universal enveloping algebra of g and ω̂ : U(g) → U(g) an anti-involution of
U(g) defined by ω̂(ei) = fi, ω̂(fi) = ei and ω̂(h) = h for i ∈ I, h ∈ t. Note that it is extended
to an anti-involution of the group G such that ω̂(xi(c)) = yi(c), ω̂(yi(c)) = xi(c) and ω̂(t) = t
for i ∈ I, c ∈ C and t ∈ T . Now, we define a symmetric bilinear form 〈 , 〉 on L(λ) by
〈u, v〉 = E(ω̂(a)a′uλ),
where a, a′ are elements in U(g) such that u = auλ and v = a
′uλ. This bilinear form satisfies
(4.1) 〈gu, v〉 = 〈u, ω̂(g)v〉,
where g is an element in U(g) or G.
4.3. Unipotent/Geometric crystal structure on U−. In order to define a unipotent
crystal structure on U−, let us construct a U -morphism F : U− → B−.
The multiplication map m in G induces an open embedding; m : U− × T × U →֒ G, which
is a birational isomorphism. Thus, by the similar way as above, we obtain the rational map
π0 : G→ T . Here note that we have
(4.2) π−(x) = π−−(x)π0(x) (x ∈ G).
Now, we give a sufficient condition for existence of U -morphism F .
Lemma 4.2 ([8]). Let T : U− → T be a rational map satisfying:
(4.3) T (π−−(xu)) = π0(xu)T (u), for x ∈ U and u ∈ U−.
Defining a morphism F : U− → B− by
(4.4)
F : U− −→ B−
u 7→ uT (u),
then F is a U -morphism U− → B−.
Proof. We may show
(4.5) F(αU−(x, u)) = αB−(x,F(u)), for x ∈ U and u ∈ U
−.
As for the left-hand side of (4.5), we have
F(αU−(x, u)) = π
−−(xu)T (π−−(xu)) = π−−(xu)π0(xu)T (u),
where the last equality is due to (4.3). On the other hand, the right-hand side of (4.5) is written
by:
αB−(x,F(u)) = π
−(xuT (u)) = π−−(xuT (u))π0(xuT (u)) = π−−(xu)π0(xu)T (u)
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where the second equality is due to (4.2) and the third equality is obtained by the fact that
T (u) ∈ T ⊂ B. Now we get (4.5).
Let us verify that there exists such U -morphism F or rational map T for semi-simple cases.
Suppose that G (resp. g)is semi-simple in the rest of this section.
Let Λi (i = 1, · · · , n) be a fundamental weight and L(Λi) be a corresponding irreducible
highest weight g-module, where g is a complex semi-simple Lie algebra associated with G. Let
vλ be a lowest weight vector in L(λ) such that 〈vλ, vλ〉 = 1. Now, let us define a rational
function F
(n)
i : U
− → C (i ∈ I) by
(4.6) F
(n)
i (u) = 〈u · uΛi , vΛi〉 (u ∈ U
−).
We define a rational map T : U− → T by
(4.7) T (u) :=
∏
i∈I
α∨i (F
(n)
i (u)
−1).
and define a morphism F : U− → B− by
(4.8) F(u) := u ·
∏
i∈I
α∨i (F
(n)
i (u)
−1).
Lemma 4.3. The morphism F : U− → B− is a U -morphism.
We have mentioned this statement in [8]. Nevertheless, since we modified the definition of
the bilinear form and there are several typographical errors in the proof, we shall give a proof
of this lemma again here.
Proof of Lemma 4.3. Let us verify that T satisfies (4.3). For x ∈ U and u ∈ U− such
that xu ∈ Im(U− × T × U →֒ G), let u− ∈ U−, u0 ∈ T and u+ ∈ U be the unique elements
satisfying u−u0u+ = xu, i.e., π−−(xu) = u−, π0(xu) = u0 and π(xu) = u+. By (4.1) and the
fact that g · vΛi = vΛi for any g ∈ U
−, we have
(4.9) 〈xu · uΛi , vΛi〉 = 〈u · uΛi , ω̂(x) · vΛi〉 = 〈u · uΛi , vΛi〉.
On the other hand, since g · uΛi = uΛi for g ∈ U , we have
(4.10)
〈xu · uΛi , vΛi〉 = 〈π
−−(xu)π0(xu)π(xu) · uΛi , vΛi〉
= 〈π−−(xu)π0(xu) · uΛi , vΛi〉 = Λi(π
0(xu))〈π−−(xu) · uΛi , vΛi〉,
where we regard Λi as an element in X
∗(T ) such that Λi(α
∨
j (c)) = c
δi,j . Hence, by (4.9), (4.10),
we have
F
(n)
i (π
−−(xu)) = 〈π−−(xu) · uΛi , vΛi〉 = Λi(π
0(xu))−1〈xu · uΛi , vΛi〉
= Λi(π
0(xu))−1〈u · uΛi , vΛi〉 = Λi(π
0(xu))−1F
(n)
i (u).
By the formula ∏
i
α∨i (Λi(t)) = t, (t ∈ T ),
and the definitions of T and F , we obtained (4.3).
Corollary 4.4. Suppose that G (resp. g) is semi-simple. Then (U−, F ) is a unipotent crystal.
As we have seen in 2.3, we can associate geometric crystal structure with the unipotent
subgroup U− since it has a unipotent crystal structure.
Let us denote the function χi : U
− → C in (2.2) by εi : U− → C here. It is trivial that the
function εi : U
− → C is not identically zero. Thus, defining the morphisms ei : C××U− → U−
and γi : U
− → C by
(4.11) ei(c, u) = e
c
i(u) := xi(
c− 1
εi(u)
)(u), γi(u) := αi(T (u)), (u ∈ U
− and c ∈ C×),
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It follows from Theorem 2.5:
Theorem 4.5. If G is semi-simple, then χU− := (U
−, {γi}i∈I , {εi}i∈I , {ei}i∈I) is a geometric
crystal.
4.4. Explicit Form of the Geometric Crystal Structure of U−. Let ι0 = i1i2 · · · iN
be a reduced longest word of a semi-simple Lie algebra g and set
U−ι0 := {yι0(a) = yi1(a1) · · · yik(aN )|a1, · · · , aN ∈ C},
which is birationally equivalent to U−. Thus, using this we describe an explicit form of the
geometric crystal structure of U−: For ι0 and i ∈ I, define {j1, j2, · · · , jl} := {j|1 ≤ j ≤
k, mj = i}, where 1 ≤ j1 < · · · < jl ≤ N and set
L(i)m (a; c) :=
c(aj1 + · · ·+ ajm) + ajm+1 + · · ·+ ajl
aj1 + · · ·+ ajl
(1 ≤ m ≤ l, c ∈ C).
Then, we have
εi(yι0(a)) =
∑
ij=i
aj , γi(yι0(a)) = αi(
∏
j
α∨j (F
(n)
j (yι0(a)))
−1),
eci (yι0(a)) = xi(
c− 1
εi(yι0(a))
)(yι0(a)) = yi1(a
′
1) · · · yiN (a
′
N ),(4.12)
where a′jm =
ajm
L
(i)
m−1(a; c)L
(i)
m (a; c)
(ijm = i), a
′
ip
=
ap
L
(i)
m−1(a; c)
ai,ip
(jm−1 < p < jm).
Note that L
(i)
0 (a; c) = 1.
5. Fundamental Representations
In order to get the explicit form of the function F
(n)
i in the next section, we shall see some
technical lemmas in this section.
5.1. Type Cn. Let I := {1, 2, · · · n} be the index set of the simple roots of type Cn. The
Cartan matrix A = (ai,j)i,j∈I of type Cn is given by
ai,j =

2 if i = j,
−1 if |i− j| = 1 and (i, j) 6= (n− 1, n)
−2 if (i, j) = (n− 1, n),
0 otherwise.
Here αi (i 6= n) is a short root and αn is the long root. Let {hi}i∈I be the set of simple co-roots
and {Λi}i∈I be the set of fundamental weights satisfying αj(hi) = ai,j and Λi(hj) = δi,j .
First, let us describe the vector representation L(Λ1). Set B
(n) := {vj , vj |j = 1, 2, · · · , n.}.
The weight of vj is as follows:
wt(vj) =
{
Λi − Λi−1 if i = 1, · · · , n,
Λi−1 − Λi if i = 1, · · · , n,
where Λ0 = 0. The actions of ei and fi are given by:
fivi = vi+1, fivi+1 = vi, eivi+1 = vi, eivi = vi+1 (1 ≤ i < n),(5.1)
fnvn = vn, envn = vn,(5.2)
and the other actions are trivial.
Let Λ
(n)
i be the i-th fundamental weight of type Cn, where we add the superscript (n) to
emphasize the rank of the corresponding Lie algebra. As is well-known that the fundamental
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representation L(Λ
(n)
i ) (1 ≤ i ≤ n) is embedded in L(Λ
(n)
1 )
⊗i with multiplicity free. The
explicit form of the highest(resp. lowest) weight vector u
Λ
(n)
i
(resp. v
Λ
(n)
i
) of L(Λ
(n)
i is realized
in L(Λ
(n)
1 )
⊗i as follows:
(5.3)
u
Λ
(n)
i
=
∑
σ∈Si
sgn(σ)vσ(1) ⊗ · · · ⊗ vσ(i),
v
Λ
(n)
i
=
∑
σ∈Si
sgn(σ)v
σ(i) ⊗ · · · ⊗ vσ(1),
where Si is the i-th symmetric group. For x =
∑
i1,··· ,ik
ci1,··· ,ikvi1 ⊗ · · · ⊗ vik ∈ L(Λ
(n)
1 )
⊗k,
v ∈ L(Λ
(n)
1 ) and j ∈ {1, · · · , k}, let us define:
x[v; j] :=
∑
i1,··· ,ik
ci1,··· ,ikvi1 ⊗ · · · vij−1 ⊗ v ⊗ vij ⊗ · · · ⊗ vik ∈ L(Λ
(n)
1 )
⊗k+1.
Let u′ (resp. v′) be the vector in L(Λ
(n+1)
1 )
⊗i (i < n) whose explicit form is given by replacing
vj (resp. vj)∈ L(Λ
(n)
1 ) by vj+1 (resp. vj+1) ∈ L(Λ
(n+1)
1 ) (j = 1, · · · , i) in the vector uΛ(n)
i
(resp. v
Λ
(n)
i
) in (5.3). Then, they satisfy eiu
′ = 0 (resp. fiv
′ = 0) for i = 2, · · · , n. Here for the
vectors vj , vj (i = 1, · · · , n) in B
(n) and B(n+1) we shall use the same notations.
Lemma 5.1. We have
u
Λ
(n+1)
i+1
=
i+1∑
j=1
(−1)j−1u′[v1; j],(5.4)
v
Λ
(n+1)
i+1
=
i+1∑
j=1
(−1)i−jv′[v1; j].(5.5)
Proof. Suppose σ ∈ Si+1 is in the form
σ =
(
1 · · · j · · · i+ 1
σ(1) · · · 1 · · · σ(i+ 1)
)
,
that is, σ(j) = 1. Then we have
σ = (σ(1), · · · , σ(j − 1), 1)
(
1 2 · · · j j + 1 · · · i+ 1
1 σ(1) · · · σ(j − 1) σ(j + 1) · · · σ(i + 1)
)
,
where (σ(1), · · · , σ(j − 1), 1) is a cycle. Since σ(k) 6= 1 for k 6= j, we have that
σ′ :=
(
2 · · · j j + 1 · · · i+ 1
σ(1) · · · σ(j − 1) σ(j + 1) · · · σ(i + 1)
)
,
is a permutation of {2, 3, · · · , i+ 1} satisfying σ′(k) = σ(k − 1) for 2 ≤ k ≤ j and σ′(k) = σ(k)
for k > j. Thus, we have sgn(σ) = (−1)j−1sgn(σ′). Hence, we have
u
Λ
(n+1)
i+1
=
i+1∑
j=1
∑
σ′∈S′
(−1)j−1sgn(σ′)vσ′(2) ⊗ · · · ⊗ vσ′(j) ⊗ v1 ⊗ vσ′(j+1) ⊗ · · · ⊗ vσ′(i+1),
=
i+1∑
j=1
(−1)j−1u′[v1; j],
where S′ = S{2,··· ,i+1}. The case of vΛ(n+1)
i+1
is shown similarly.
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5.2. Type Bn. Let I := {1, 2, · · · n} be the index set of the simple roots of type Bn. The
Cartan matrix A = (ai,j)i,j∈I of type Bn is given by
ai,j =

2 if i = j,
−1 if |i− j| = 1 and (i, j) 6= (n, n− 1)
−2 if (i, j) = (n, n− 1),
0 otherwise.
Here αi (i 6= n) is a long root and αn is the short root. Let {hi}i∈I be the set of simple co-roots
and {Λi}i∈I be the set of fundamental weights satisfying αj(hi) = ai,j and Λi(hj) = δi,j .
First, let us describe the vector representation L(Λ1) for Bn. Set B
(n) := {vj , vj |j =
1, 2, · · · , n} ∪ {v0}. The weight of vj is as follows:
wt(vj) = Λi − Λi−1, wt(vj) = Λi−1 − Λi (i = 1, · · · , n− 1),
wt(vn) = 2Λn − Λn−1, wt(vn) = Λn−1 − 2Λn, wt(v0) = 0,
where Λ0 = 0. The actions of ei and fi are given by:
fivi = vi+1, fivi+1 = vi, eivi+1 = vi, eivi = vi+1 (1 ≤ i < n),(5.6)
fnvn = v0, fnv0 = 2vn, env0 = 2vn, envn = v0,(5.7)
and the other actions are trivial.
The last fundamental representation L(Λn) is called the “spin representation” whose di-
mension is 2n. It is realized as follows: Set V
(n)
sp :=
⊕
ǫ∈B
(n)
sp
Cǫ and
B(n)sp := {(ǫ1, · · · , ǫn)|ǫi ∈ {+,−}}.
Define the explicit action of hi, ei and fi on V
(n)
sp by
hi(ǫ1, · · · , ǫn) =
{
ǫi·1−ǫi+1·1
2 (ǫ1, · · · , ǫn), if i 6= n,
ǫn(ǫ1, · · · , ǫn) if i = n,
(5.8)
fi(ǫ1, · · · , ǫn) =

(· · · ,
i
−,
i+1
+ , · · · ) if ǫi = +, ǫi+1 = −, i 6= n,
(· · · · · · · · · ,
n
−) if ǫn = +, i = n,
0 otherwise
(5.9)
ei(ǫ1, · · · , ǫn) =

(· · · ,
i
+,
i+1
− , · · · ) if ǫi = −, ǫi+1 = +, i 6= n,
(· · · · · · · · · ,
n
+) if ǫn = −, i = n,
0 otherwise.
(5.10)
Then the module V
(n)
sp is isomorphic to L(Λn) as a Bn-module.
The following decomposition is well-known:
L(Λn)⊗ L(Λn) ∼= L(0)⊕ L(Λ1)⊕ L(Λ2)⊕ · · · ⊕ L(Λn−1)⊕ L(2Λn).
Let us describe the explicit form of the highest (resp. lowest)weight vector u
(n)
i (resp. v
(n)
i ) in
L(Λ
(n)
i ) (i = 1, · · · , n− 1) by using the vectors in B
(n)
sp , where Λ
(n)
i = Λi and we emphasize the
rank of the Lie algebra by adding the superscript (n). For ǫ = (ǫ1, · · · , ǫn) ∈ B
(n)
sp , we define
the signature sg(ǫ) as follows: set J(ǫ) := {j1, · · · , jm} ⊂ {1, · · · , n} such that ǫjk = − for any
k = 1, · · · ,m and if p 6= jk, then ǫp = +. Then we define
sg(ǫ) = (−1)
∑m
k=1(n−jk+1).
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It is easy to see:
(5.11) u
(n)
i :=
∑
ǫ,ǫ′ satisfies (H)
sg(ǫ)ǫ⊗ ǫ′, v
(n)
i :=
∑
ǫ,ǫ′ satisfies (L)
(−1)
n(n+1)
2 sg(ǫ′)ǫ⊗ ǫ′,
where for ǫ = (ǫ1, · · · , ǫn) and ǫ′ = (ǫ′1, · · · , ǫ
′
n),
(H) ǫj = ǫ
′
j = + (j ≤ i) and ǫj · ǫ
′
j = − (j > i).
(L) ǫj = ǫ
′
j = − (j ≤ i) and ǫj · ǫ
′
j = − (j > i).
For v =
∑
ǫ,ǫ′∈B
(n)
sp
cǫ,ǫ′ǫ⊗ ǫ′ ∈ V
(n)
sp ⊗ V
(n)
sp , let us denote
(±, v) :=
∑
ǫ,ǫ′∈B
(n)
sp
cǫ,ǫ′(±, ǫ)⊗ (±, ǫ
′) ∈ V (n+1)sp ⊗ V
(n+1)
sp ,
where (±, ǫ) ∈ B
(n+1)
sp .
Remark. Note that for B
(n)
sp and i = 2, · · · , n+1, we have ei(±, v) = (±, ei−1v) and fi(±, v) =
(±, fi−1v).
Lemma 5.2. We have
(5.12) u
(n+1)
i+1 = (+, u
(n)
i ), v
(n+1)
i+1 = (−, v
(n)
i ) (i = 1, · · · , n).
Proof. For ǫ = (ǫ1, · · · , ǫn) ∈ B
(n)
sp , let J(ǫ) = {j1, · · · , jm} be the same set as above. Then
J(+, ǫ) = {j1 + 1, j2 + 1, · · · , jm + 1}. Thus, we have u
(n+1)
i+1 = (+, u
(n)
i ) since
sg(+, ǫ) = (−1)
∑
m
k=1((n+1)−(jk+1)+1) = (−1)
∑
m
k=1(n−jk+1) = sg(ǫ).
Next, let us show the case v
(n)
j . For ǫ = (ǫ1, · · · , ǫn) ∈ B
(n)
sp , let J(ǫ) = {j1, · · · , jm}. Then we
get J(−, ǫ) = {1, j1 + 1, j2 + 1, · · · , jm + 1}. Thus, we obtain
sg(−, ǫ) = (−1)((n+1)−1+1)+
∑
m
k=1((n+1)−(jk+1)+1) = (−1)n+1 · (−1)
∑
m
k=1 n−jk+1 = (−1)n+1sg(ǫ),
which implies (−, v
(n)
i ) = v
(n+1)
i+1 .
5.3. Type Dn. Let I := {1, 2, · · · n} be the index set of the simple roots of type Dn. The
Cartan matrix A = (ai,j)i,j∈I of type Dn is as follows:
ai,j =

2 if i = j,
−1 if |i− j| = 1 and (i, j) 6= (n, n− 1), (n− 1, n), or (i, j) = (n− 2, n), (n, n− 2)
0 otherwise.
Let {hi}i∈I be the set of simple co-roots and {Λi}i∈I be the set of fundamental weights satisfying
αj(hi) = ai,j and Λi(hj) = δi,j .
First, let us describe the vector representation L(Λ1) for Dn. Set B
(n) := {vj , vj |j =
1, 2, · · · , n}. The weight of vj is as follows:
wt(vj) = Λi − Λi−1, wt(vj) = Λi−1 − Λi (i = 1, · · · , n− 1),
wt(vn) = Λn−1 + Λn − Λn−2, wt(vn) = Λn−2 − Λn−1 + Λn,
where Λ0 = 0. The actions of ei and fi are given by:
fivi = vi+1, fivi+1 = vi, eivi+1 = vi, eivi = vi+1 (1 ≤ i < n),(5.13)
fnvn = vn−1, fn−1vn = vn−1, en−1vn−1 = vn, envn−1 = vn,(5.14)
and the other actions are trivial.
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The last two fundamental representations L(Λn−1) and L(Λn) are also called the “spin
representations” whose dimension are 2n−1. They are realized as follows: Set V
(+,n)
sp (resp.
V
(−,n)
sp ) :=
⊕
ǫ∈B
(+,n)
sp (resp. B
(−,n)
sp )
Cǫ and
B(+,n)sp (resp. B
(−,n)
sp ) := {(ǫ1, · · · , ǫn)|ǫi ∈ {+,−}, ǫ1 · · · ǫn = +(resp. −)}.
Define the explicit action of hi, ei and fi on V
(±,n)
sp by
hi(ǫ1, · · · , ǫn) =
{
ǫi·1−ǫi+1·1
2 (ǫ1, · · · , ǫn), if i 6= n,
ǫn−1·1+ǫn·1
2 (ǫ1, · · · , ǫn) if i = n,
(5.15)
fi(ǫ1, · · · , ǫn) =

(· · · ,
i
−,
i+1
+ , · · · ) if ǫi = +, ǫi+1 = −, i 6= n,
(· · · · · · · · · ,
n−1
− ,
n
−) if ǫn−1 = +, ǫn = +, i = n,
0 otherwise
(5.16)
ei(ǫ1, · · · , ǫn) =

(· · · ,
i
+,
i+1
− , · · · ) if ǫi = −, ǫi+1 = +, i 6= n,
(· · · · · · · · · ,
n−1
+ ,
n
+) if ǫn−1 = −, ǫn = −, i = n,
0 otherwise.
(5.17)
Then the module V
(+,n)
sp (resp. V
(−,n)
sp ) is isomorphic to L(Λn) (resp. L(Λn−1)) as aDn-module.
The following decomposition is well-known:
V (+,n)sp ⊗ V
(+,n)
sp
∼=
{
L(0)⊕ L(Λ2)⊕ · · · ⊕ L(Λ2m−2)⊕ L(2λ2m) if n = 2m,
L(Λ1)⊕ L(Λ3)⊕ · · · ⊕ L(Λ2m−1)⊕ L(2λ2m+1) if n = 2m+ 1,
(5.18)
V (+,n)sp ⊗ V
(−,n)
sp
∼=
{
L(Λ1)⊕ L(Λ3)⊕ · · · ⊕ L(Λ2m−3)⊕ L(2λ2m−1) if n = 2m,
L(0)⊕ L(Λ2)⊕ · · · ⊕ L(Λ2m−2)⊕ L(2λ2m) if n = 2m+ 1,
(5.19)
Thus, we know that each fundamental representation L(Λi) (i = 1, · · · , n− 2) is embedded in
V
(+,n)
sp ⊗V
(±,n)
sp with multiplicity free. Now, let us describe the unique (up to constant) highest
(resp. lowest) weight vector u
(n)
i (resp. v
(n)
i ) in L(Λi). It is trivial that
u(n)n = (+, · · · ,+,+), v
(n)
n =
{
(−, · · · ,−,−) if n is even.
(−, · · · ,−,+) if n is odd.
u
(n)
n−1 = (+, · · · ,+,−), v
(n)
n−1 =
{
(−, · · · ,−,+) if n is even.
(−, · · · ,−,−) if n is odd.
For ǫ ∈ V
(±,n)
sp , let sg(ǫ) be the same as above. Then it is immediate that
(5.20) u
(n)
i :=
∑
ǫ,ǫ′ satisfies (H)
sg(ǫ)ǫ⊗ ǫ′, v
(n)
i :=
∑
ǫ,ǫ′ satisfies (L)
(−1)
n(n+1)
2 sg(ǫ′)ǫ⊗ ǫ′,
where if n−i is even (resp. odd), then u
(n)
i and v
(n)
i are in V
(+,n)
sp ⊗V
(+,n)
sp (resp. V
(+,n)
sp ⊗V
(−,n)
sp ),
and
(H) ǫj = ǫ
′
j = + (j ≤ i) and ǫj · ǫ
′
j = − (j > i).
(L) ǫj = ǫ
′
j = − (j ≤ i) and ǫj · ǫ
′
j = − (j > i).
By arguing similarly to the Bn-case, we have
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Lemma 5.3.
u
(n+1)
i+1 = (+, u
(n)
i ), v
(n+1)
i+1 = (−, v
(n)
i ) (i = 1, · · · , n− 2),(5.21)
u(n+1)n = (+, u
(n)
n−1), v
(n+1)
n = (−, v
(n)
n−1),(5.22)
u
(n+1)
n+1 = (+, u
(n)
n ), v
(n+1)
n+1 = (−, v
(n)
n ),(5.23)
where the notation (±, u) is the same one as in the previous subsection.
Remark. Similar to 5.2, for v ∈ B
(±,n)
sp and i = 2, · · · , n+ 1, we have ei(±, v) = (±, ei−1v)
and fi(±, v) = (±, fi−1v).
6. Function F
(n)
i
Fix the following reduced longest word:
ι0 =

(n n− 1 · · · 21)(n n− 1 · · · 32) · · · (nn− 1)(n) An,
(12 · · ·n− 1nn− 1 · · · 21)(2 · · ·n− 1nn− 1 · · · 2) · · · (n− 1nn− 1)(n) Bn, Cn
(12 · · ·n− 1nn− 2 · · · 21)(2 · · ·n− 1 n n− 2 · · · 2) · · · Dn
· · · (n− 2 n− 1 n n− 2)(n− 1 n).
For these words and y ∈ U−ι0 , we shall obtain the explicit forms of F
(n)
i (y).
Proposition 6.1. We have:
(i) An-case: For y = (yn(a1,n) · · · y1(a1,1)) · · · (yn(an−1,n)yn−1(an−1,n))yn(an,n))
F
(n)
i (y) =
i∏
k=1
n−i+k∏
j=k
ak,j
(ii) Bn-case: For y = (y1(a1,1) · · · yn(a1,n)yn−1(a1,n−1) · · · y1(a1,1))
×(y2(a2,2) · · · y2(a2,2))× · · ·× (yn−1(an−1,n−1)yn(an−1,n)yn−1(an−1,n−1)) yn(an,n)
F
(n)
i (y) =

∏
1≤k≤i≤j≤n
ak,jak,j
∏
1≤k≤j<i
a2k,j if i < n,∏
1≤k≤j≤n
ak,j if i = n,
where we understand ak,n = ak,n.
(iii) Cn-case: For the same y in (ii),
F
(n)
i (y) =
∏
1≤k≤i≤j≤n
ak,j
∏
1≤k≤i≤j<n
ak,j
∏
1≤k≤j<i
a2k,j ,
where if i = n, we understand the second factor is equal to 1.
(iv) Dn-case: For y = (y1(a1,1) · · · yn−1(a1,n−1)yn(a1,n−1)yn−2(a1,n−2) · · · y1(a1,1))
· · · · · · · · ·
×yn−2(an−2,n−2)yn−1(an−2,n−1)yn(an−2,n−1)yn−2(an−2,n−2)
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×yn−1(an−1,n−1)yn(an−1,n−1),
F
(n)
i (y) =

∏
1≤k≤i≤j<n
ak,jak,j
∏
1≤k≤j<i
a2k,j if 1 ≤ i ≤ n− 2,
(
∏
1≤k≤j<n−1
ak,j) · (a1,n−1a2,n−1 · · · an−1,n−1) if i = n− 1, n : even,
(
∏
1≤k≤j<n−1
ak,j ·)(a1,n−1a2,n−1 · · · an−1,n−1) if i = n− 1, n : odd,
(
∏
1≤k≤j<n−1
ak,j) · (a1,n−1a2,n−1 · · · an−1,n−1) if i = n, n : odd,
(
∏
1≤k≤j<n−1
ak,j) · (a1,n−1a2,n−1 · · · an−1,n−1) if i = n, n : even,
Note that the notation ai,j does NOT mean the complex conjugate of ai,j but means a
variable without any relation to ai,j .
Proof. Indeed, the An-case has already been given in [8]. Let us see the case i = 1 for
other three types.
Let v1 be the highest weight vector in L(Λ1). Since fiv1 = 0 for i 6= 1, we have
yv1 =
{
y1(a1,1) · · · yn(a1,n)yn−1(a1,n−1) · · · y1(a1,1)v1, Bn, Cn,
y1(a1,1) · · · yn−1(a1,n−1)yn(a1,n−1)yn−2(a1,n−2) · · · y1(a1,1)v1, Dn
where y ∈ U−ι0 is as in Proposition 6.1. Since f
2
i = 0 on L(Λ1) for types Cn and Dn and f
2
i = 0
(i 6= n) and f3n = 0 on L(Λ1) for types Bn, we obtain
(6.1) yv1 =

a1,1 · · ·a21,na1,n−1 · · · a1,1v1 + w Bn,
a1,1 · · ·a1,na1,n−1 · · · a1,1v1 + w Cn,
a1,1 · · ·a1,n−1a1,n−1 · · · a1,1v1 + w Dn,
where w is a linear combination of vectors with higher weights than the weight of v1. Since
〈v1, v1〉 = 1, the coefficient of v1 in (6.1) is equal to F
(n)
1 (y) and it coincides with the formula
in Proposition 6.1 for i = 1.
In order to show the proposition for the cases i > 1, we need the following lemmas.
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Lemma 6.2. Let xi(c) ∈ U (i ∈ I, c ∈ C×) be as above and vΛ(n)
i
be the lowest weight vector
in L(Λ
(n)
i ) (i > 1). Then we have,
Bn-case : x1(b1) · · ·xn−1(bn−1)xn(an) · · ·x1(a1)vΛ(n)
i
(6.2)
=
(b1 · · · bi−1)
2(bi · · · bn−1)a2n(an−1 · · · ai)(+, vΛ(n−1)
i−1
) + w if i < n,
b1 · · · bn−1an(+, vΛ(n−1)
n−1
) + w if i = n,
Cn-case : x1(b1) · · ·xn−1(bn−1)xn(an) · · ·x1(a1)vΛ(n)
i
(6.3)
= (b1 · · · bi−1)
2(bi · · · bn−1)(anan−1 · · · ai)
 i∑
j=1
(−1)j−1v′[v1; j]
+ w,
Dn-case : x1(b1) · · ·xn−2(bn−2)xn(bn−1)xn−1(an−1) · · ·x1(a1)vΛ(n)
i
(6.4)
=

(b1 · · · bi−1)2(bi · · · bn−1)(an−1 · · · ai)(+, vΛ(n−1)
i−1
) + w if i ≤ n− 2,
b1 · · · bn−2an−1(+, vΛ(n−1)
n−2
) + w if i = n− 1, n : even,
b1 · · · bn−2bn−1(+, vΛ(n−1)
n−2
) + w if i = n− 1, n : odd,
b1 · · · bn−2an−1(+, vΛ(n−1)
n−1
) + w if i = n, n : odd,
b1 · · · bn−2bn−1(+, vΛ(n−1)
n−1
) + w if i = n, n : even,
where v′ is as in Lemma 5.1 and w is a linear combination of weight vectors with lower weights
than the one of the leading vectors.
Proof. We can verify this lemma by the induction on the rank n.
Let us see the case Bn. Since e1vΛ(n)
i
= 0 for i 6= 1, we have
x1(b1) · · ·xn−1(bn−1)xn(an) · · ·x1(a1)vΛ(n)
i
= x1(b1) · · ·xn−1(bn−1)xn(an) · · ·x2(a2)vΛ(n)
i
.
Suppose that 1 < i < n. By Lemma 5.2 we have v
Λ
(n)
i
= (−, v
Λ
(n−1)
i−1
) and xi(a) (i 6= 1) does
not change the top − in v
Λ
(n)
i
. Then, by the hypothesis of the induction we obtain
x1(b1)x2(b2) · · ·xn−1(bn−1)xn(an) · · ·x2(a2)vΛ(n)
i
= x1(b1)(−, x2(b2) · · ·xn−1(bn−1)xn(an) · · ·x2(a2)vΛ(n−1)
i−1
)
= (b2 · · · bi−1)
2(bi · · · bn−1)a
2
n(an−1 · · · ai)x1(b1)(−, (+, vΛ(n−2)
i−2
))) + w
= (b1 · · · bi−1)
2(bi · · · bn−1)a
2
n(an−1 · · · ai)(+, (−, vΛ(n−2)
i−2
))) + w′
= (b1 · · · bi−1)
2(bi · · · bn−1)a
2
n(an−1 · · · ai)(+, vΛ(n−1)
i−1
)) + w′
where w and w′ are linear combinations of lower weight vectors than the leading term. The
case i = n is obtained similarly.
Next, let us see the case Cn. As in the previous case, for i 6= 1 we have
x1(b1) · · ·xn−1(bn−1)xn(an) · · ·x1(a1)vΛ(n)
i
= x1(b1) · · ·xn−1(bn−1)xn(an) · · ·x2(a2)vΛ(n)
i
By Lemma 5.1 we get
v
Λ
(n)
i
=
i∑
j=1
(−1)i−jv′[v1; j].
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Since xi(a)v1 = v1 for i 6= 1, we have
xi(a)vΛ(n)
i
=
i∑
j=1
(−1)i−j(xi(a)v
′)[v1; j] (i 6= 1),
and then
x1(b1) · · ·xn−1(bn−1)xn(an) · · ·x2(a2)vΛ(n)
i
=
i∑
j=1
(−1)j−1x1(b1){(x2(b2) · · ·xn−1(bn−1)xn(an) · · ·x2(a2)v
′)[v1; j]} (i 6= 1).
Applying the induction hypothesis to the index set {2, 3, · · · , n}, we obtain
x2(b2) · · ·xn−1(bn−1)xn(an) · · ·x2(a2)v
′
= (
i−1∑
j=1
(−1)j−1(b2 · · · bi−1)
2(bi · · · bn−1)(anan−1 · · ·ai)v
′′[v1; j]) + w
′′
where v′′ is the vector obtained by replacing vj with vj+2 in vΛ(n−2)
i−2
and w′′ is a linear combi-
nation of lower weight vectors than the ones of the leading term. Thus, we have
x1(b1) · · ·xn−1(bn−1)xn(an) · · ·x2(a2)vΛ(n)
i
(6.5)
= (b2 · · · bi−1)
2(bi · · · bn−1)(anan−1 · · ·ai)
i∑
j=1
(−1)i−jx1(b1)
(
i−1∑
k=1
(−1)k−1(v′′[v2; k])[v1, j]
)
+ w
where w is a linear combination of lower weight vectors. Since v′′ does not include v2 or v1, we
have
(6.6) x1(b1)(v
′′[v2; k])[v1, j] = b
2
1(v
′′[v1; k])[v2, j] + lower terms.
Here we have
(v′′[v1; k])[v2; j] =
{
(v′′[v2; j − 1])[v1; k] if k < j,
(v′′[v2; j])[v1; k + 1] if k ≥ j.
Thus,
i∑
j=1
(−1)i−j
(
i−1∑
k=1
(−1)k−1(v′′[v1; k])[v2, j]
)
=
∑
1≤k<j≤i
(−1)i−j+k−1(v′′[v2; j − 1])[v1; k] +
∑
1≤j≤k<i
(−1)i−j+k−1(v′′[v2; j])[v1; k + 1]
=
∑
1≤k≤j<i
(−1)i−j+k(v′′[v2; j])[v1; k] +
∑
1≤j<k≤i
(−1)i−j+k(v′′[v2; j])[v1; k]
=
i∑
k=1
(−1)k−1
i−1∑
j=1
(−1)i−j−1v′′[v2; j]
 [v1; k] = i∑
k=1
(−1)k−1v′[v1; k].
Applying (6.6) and this to (6.5), we obtain
x1(b1) · · ·xn−1(bn−1)xn(an) · · ·x2(a2)vΛ(n)
i
= (b1b2 · · · bi−1)
2(bi · · · bn−1)(anan−1 · · · ai)(
i∑
j=1
(−1)j−1v′[v1; j]) + w.
We have completed the case Cn.
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Finally, we shall see the case Dn. For i ≤ n− 2 we can show similarly to the case Bn. So,
let us show the lemma when i = n and n is odd. In this case, v
Λ
(n)
n
= (−, · · · ,−,+). Since
xi(a)vΛ(n)n
= v
Λ
(n)
n
for i 6= n− 1, we have
x1(b1) · · ·xn−2(bn−2)xn(bn−1)xn−1(an−1) · · ·x1(a1)vΛ(n)n
= x1(b1) · · ·xn−2(bn−2)xn−1(an−1)vΛ(n)n .
Thus, by direct calculations, we have
x1(b1) · · ·xn−2(bn−2)xn(bn−1)xn−1(an−1) · · ·x1(a1)vΛ(n)n = b1 · · · bn−2an−1(+, vΛ(n)n ) + w.
Other cases are also proved similarly.
Now, we continue the proof of Proposition 6.1. For the case 1 < i ≤ n, in order to obtain
the explicit form of the function F
(n)
i we adopt the induction on n. First, let us see the case
Bn. The induction hypothesis for the index set {2, · · · , n} and the remark in 5.2 mean that for
y′ = (y2(a2,2) · · · y2(a2,2)) · · · (yn−1(an−1,n−1)yn(an−1,n)yn−1(an−1,n−1))yn(an,n)
(6.7) y′(+, u
Λ
(n−1)
i−1
) =

 ∏
2≤k≤i≤j≤n
ak,jak,j
∏
2≤k≤j<i
a2k,j
 (+, v
Λ
(n−1)
i−1
) + w if i < n,∏
2≤k≤j≤n
ak,j(+, vΛ(n−1)
n−1
) + w if i = n,
where ak,n = ak,n, w is a linear combination of weight vectors with higher weight than the
one of the leading term. We shall denote the coefficient of (+, v
Λ
(n−1)
i−1
) in (6.7) by Ξ
(n−1)
i−1 . Set
y := (y1(a1,1) · · · y1(a1,1))y′. Then we have
(6.8) 〈yu
Λ
(n)
i
, v
Λ
(n)
i
〉 = 〈y′u
Λ
(n)
i
, x1(a1,1) · · ·x1(a1,1)vΛ(n)
i
〉.
By Lemma 6.2, (6.7) and the fact that 〈(+, v
Λ
(n−1)
i−1
), (+, v
Λ
(n−1)
i−1
)〉 = 1, we have
〈y′u
Λ
(n)
i
, x1(a1,1) · · ·x1(a1,1)vΛ(n)i
〉
= 〈Ξ
(n−1)
i−1 (+, vΛ(n−1)
i−1
) + w,Ω
(n−1)
i−1 (+, vΛ(n−1)
i−1
) + w′〉 = Ξ
(n−1)
i−1 Ω
(n−1)
i−1 ,
where Ω
(n−1)
i−1 is the coefficient of (+, vΛ(n−1)
i−1
) in Lemma 6.2 and w (resp. w′) is a linear
combination of weight vectors with higher (resp. lower) weight than the ones of (+, v
Λ
(n−1)
i−1
). It
is easily to see that Ξ
(n−1)
i−1 Ω
(n−1)
i−1 coincides with F
(n)
i (y) for type Bn in Proposition 6.1.
The type Cn-case and Dn-case with i 6= n − 1, n are also done similarly. Thus, let us see
F
(n)
n−1 and F
(n)
n for type Dn. Suppose that n is even. The induction hypothesis for the index
set {2, · · · , n} and the remark in 5.3 mean that we have
(6.9) y′(+, u
Λ
(n−1)
n−2
) =
∏
2≤k≤j<n−1
ak,j · (a2,n−1 · · ·an−1,n−1)(+, vΛ(n−1)
n−2
) + w,
for y′ = (y2(a2,2) · · · y2(a2,2)) · · · (yn−1(an−1,n−1)yn(an−1,n−1)), where w is a higher term as
above and we denote the coefficient of (+, v
Λ
(n−1)
n−2
) in (6.9) by Ξ. By Lemma 6.2, we have
x1(a1,1) · · ·x1(a1,1)vΛ(n)
n−1
= a1,1 · · · a1,n−2a1,n−1(+, vΛ(n−1)
n−2
) + w′
where w′ is a lower term as above and we denote the coefficient of (+, v
Λ
(n−1)
n−2
) by Ω. Then
arguing as above, we have F
(n)
n−1(y) = ΞΩ for y = y1(a1,1) · · · y1(a1,1)y
′. The other cases F
(n)
n−1
(n:odd) and F
(n)
n are showed similarly.
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7. Isomorphisms
Let ι0 = i1, · · · , iL be a reduced longest word of g, B
−
ι0
as in Sect. 3 and U−ι0 as in Sect.4.
Theorem 7.1. In case g = An, Bn, Cn, Dn, we have the isomorphism of geometric crystals
B−ι0
∼= U−ι0 by the rational map Φ:
Φ : B−ι0 −→ U
−
ι0
Yι0(A1, · · · , AL) 7→ yι0(a1, · · · , aL)
where aj = Φj(A) = (A
ai1,ij
1 · · ·A
aij−1,ij
j−1 Aj)
−1 for A = (A1, · · · , AL) ∈ (C×)L.
Proof. First, we shall see that Φ is birational. For the longest element w0 ∈ W , let L be
its length. For j, k with 1 ≤ j < k ≤ L, set
Pj,k := {m = (m1, · · · ,mt) ∈ Z
t|j < m1 < · · · < mt < k, 0 ≤ t ≤ k − j}.
For m = (m1, · · · ,mt) ∈ Pj,k, set l(m) := t. We understand that m = ∅ if t = 0. For j, k with
1 ≤ j < k ≤ L, set
Mj,k :=
∑
m∈Mj,k
(−1)l(t)aij ,im1aim1 ,im2 · · · aimt ,ik ,
where ai,j is an (i, j)-entry of the Cartan matrix. Let A = (ap,q)p,q=1,··· ,L be an integer matrix
defined by
ap,q :=

−1 if p = q,
−aip,iq if p < q,
0 if p > q.
It is trivial that the matrix A is invertible and its inverse is also an integer matrix, denoted by
B = (bp,q)p,q=1,··· ,L, which is indeed given by
bj,k :=

−1 if p = q,
Mip,iq if p < q,
0 if p > q.
Then, we easily know that the following rational map Ψ is an inverse of Φ:
Ψ : U−ι0 −→ B
−
ι0
(7.1)
yι0(a1, · · · , aL) 7→ Yι0(A1, · · · , AL)
where Aj = Ψj(a) = a
b1,j
1 · · ·a
bj−1,j
j−1 a
−1
j for a = (a1 · · · , aL) ∈ C
L.
Next, let us see εi(Φι0(Y (A))) = εi(Yι0(A)) for Yι0(A) = Yι0(A1, · · · , AL). As in 4.3, we
have
(7.2) εi(yι0(a1, · · · , aL)) =
∑
1≤j≤L, ij=i
aj .
We also have the explicit form of εi(Yι0(A)) as in (3.2),
(7.3) εi(Yι0(A1, · · · , AL)) =
∑
1≤j≤L,ij=i
1
A
ai1,i
1 · · ·A
aij−1,i
j−1 Aj
=
∑
1≤j≤L,ij=i
Φj(A).
Thus, by these formula we have εi(Φ(Y (A1, · · · , AL))) = εi(Y (A1, · · · , AL)).
Next, let us show that Φ ◦ eci = e
c
i ◦ Φ. Set e
c
i ◦ Φ(Yι0(A)) = yι0(a
′) = yι0(a
′
1, · · · , a
′
L). By the
formula in 4.4, we obtain
(7.4) a′j =
Φj(A)
L
(i)
m(j)−1(Φ(A); c)
ai,ij
L(i)m(j)−1(Φ(A); c)
L
(i)
m(j)(Φ(A); c)
δi,ij ,
GEOMETRIC CRYSTALS ON FLAG VARIETIES AND UNIPOTENT RADICALS 19
where {j1, · · · , jl} is same as in 4.4 and m(j) is the number m such that jm−1 < j ≤ jm.
For Yι0(A) = Yι0(A1, · · · , AL) set e
c
i(Yι0(A)) := Yι0(A
′
1, · · · , A
′
L). Each A
′
j is given explic-
itly by (3.3). Denote the numerator of (3.3) by Qj(c1, · · · , cm; c). Thus, the denominator is
Qj−1(c1 · · · , cm; c) and
A′j = Aj
Qj(A1, · · · , AL; c)
Qj−1(A1, · · · , AL; c)
.
Note that Qj(A; c) = Qj−1(A; c) unless ij = i. Let us calculate yι0(a
′′) := Φ(Yι0(A
′)).
The case ij = i (j = jm):
a′′j = Φj(A
′) = (A′
ai1,ij
1 · · ·A
′aij−1,ij
j−1 A
′
j)
−1
= (A
ai1,ij
1 · · ·A
aij−1,ij
j−1 Aj)
−1
(
Qj0(A; c)
Qj1(A; c)
)2
· · ·
(
Qjm−2(A; c)
Qjm−1(A; c)
)2(Qjm−1(A; c)
Qjm(A; c)
)
=
Φj(A)
Qjm−1(A; c)Qjm(A; c)
,
where Qj0(A; c) = 1.
The case ij 6= i (jm−1 < j < jm):
a′′j = Φj(A
′) = (A′
ai1,ij
1 · · ·A
′aij−1,ij
j−1 A
′
j)
−1
= (A
ai1,ij
1 · · ·A
aij−1,ij
j−1 Aj)
−1
(
Qj0(A; c)
Qj1(A; c)
)ai,ij
· · ·
(
Qjm−2(A; c)
Qjm−1(A; c)
)ai,ij
=
Φj(A)
Qjm−1(A; c)
ai,ij
.
Here, we can easily see that if i = ijm ,
Qjm(A; c) = Lm(Φ(A); c).
This means a′j = a
′′
j and then e
c
i ◦ Φ(Yι0(A)) = Φ ◦ e
c
i (Yι0(A)).
Finally, let us show that γi ◦ Φ(Yι0(A)) = γi(Yι0(A)). Since for y ∈ U
− we have
γj(y) =
n∏
i=1
F
(n)
i (y)
−ai,j ,
and the explicit form of F
(n)
i (y) as in Proposition 6.1, we use case-by-case method for our
purpose.
The Bn-case: Denoting Φ(Yι0(A)) by yι0(a) we have
ai,j =

i∏
k=1
Ak,j−1
i−1∏
k=1
Ak,j+1
i−1∏
k=1
Ak,j−1
i−1∏
k=1
Ak,j+1
Ai,j
i−1∏
k=1
(Ak,jAk,j)
2
1 ≤ i ≤ j ≤ n− 1,
i∏
k=1
Ak,n−1
i−1∏
k=1
Ak,n−1
Ai,n
i−1∏
k=1
A2k,n
1 ≤ i ≤ j = n,
(7.5)
ai,j =
i∏
k=1
Ak,j−1
i∏
k=1
Ak,j+1
i−1∏
k=1
Ak,j−1
i∏
k=1
Ak,j+1
Ai,j
i∏
k=1
A2k,j
i−1∏
k=1
A
2
k,j
1 ≤ i ≤ j ≤ n− 1,(7.6)
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where Ak,j = 1 for k > j and Ak,n = Ak,n. We shall show the explicit form of F
(n)
i (Φ(Yι0(A)))
as follows:
F
(n)
i (Φ(Yι0(A))) =
i∏
m=1
1
Am,iAm,i
(1 ≤ i ≤ n− 1),(7.7)
F (n)n (Φ(Yι0(A))) =
n∏
m=1
1
Am,n
.(7.8)
Set ql(a) := (al,l · · ·al,i−1)2(al,i · · · al,n−1)a21,n(al,n−1 · · · al,i) (1 ≤ l ≤ i) and we have
F
(n)
i (yι0(a)) = q1(a) · · · qi(a) (i < n).
By calculating directly, we get
(7.9) ql(Φ(A)) =
Al,iAl,i
A2l,lA
2
l,l
l−1∏
k=1
A2k,l−1A
2
k,l−1
A2k,lA
2
k,l
,
and then (7.7). We also get (7.8) by the similar way. The Cn-case is obtained similarly. So let
us see the case i = n− 1, n of type Dn. If n is odd, by Proposition 6.1, we have
F (n)n (yι0(a)) =
 ∏
1≤k≤j<n−1
ak,j
 · (a1,n−1a2,n−1 · · · an−1,n−1).
Set a = Φ(A). For 1 ≤ i ≤ j ≤ n − 2, ai,j = Φ(A)i,j and ai,j = Φ(A)i,j are same as (7.5) and
(7.6). For 1 ≤ i ≤ j = n− 1, we have
(7.10) ai,n−1 =
i∏
k=1
Ak,n−2
i−1∏
k=1
Ak,n−2
Ai,n−1
i−1∏
k=1
A2k,n−1
, ai,n−1 =
i∏
k=1
Ak,n−2
i−1∏
k=1
Ak,n−2
Ai,n−1
i−1∏
k=1
A
2
k,n−1
.
Then, by calculating directly we have
F (n)n (Φ(Yι0(A))) = (A1,n−1 · · ·An−1,n−1)
−1.
The case for even n is obtained similarly. We have
F
(n)
n−1(Φ(Yι0(A))) = (A1,n−1 · · ·An−1,n−1)
−1.
Since γn−1(Yι0(A)) = (A1,n−1 · · ·An−1,n−1)
−1 and γn(Yι0(A)) = (A1,n−1 · · ·An−1,n−1)
−1, we
know that γi(Yι0(A)) = γi(Φ(Yι0(A))) and completed the proof of Theorem 7.1.
Since B−ι0 (resp. U
−
ι0
) is birationally equivalent to the flag variety X (resp. unipotent radical
U− ⊂ B−), we have the following:
Corollary 7.2. There exists an isomorphism of geometric crystals: X ∼= U−.
8. Conjectures
For a Weyl group element w ∈ W , let ι = i1 · · · ik be a reduced word of w. Set U−ι :=
{yi1(c1) · · · yik(ck)|c1, · · · , ck ∈ C
×}. Let u
(i)
w be the normalized extremal weight vector with
the extremal weight wΛi in L(Λi) and define the function on U
−
ι by
F
(n)
(i,ι)(y) := 〈y · uΛi , u
(i)
w 〉 (y ∈ U
−
ι , i ∈ I).
Here we present the following conjecture:
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Conjecture. If G is semi-simple and I = I(w) (see Sect.3.), we can associate a geometric
crystal structure with U−ι and it is isomorphic to the geometric crystal on the Schubert variety
Xw for any w ∈ W .
For a reduced word ι, set B−ι := {Yi1(c1) · · ·Yik(ck)|c1, · · · , ck ∈ C
×} (Yi(c) = yi(
1
c
)α∨i (c))
and let (B−ι , {ei}, {γi}, {εi}) be the geometric crystal isomorphic to Xw as in Sect.3 (see also
[7]). To show the conjecture, we should obtain that U−ι
∼= B−ι as geometric crystals.
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